
JUNE 1972 ENGINEERING NOTES 473

turn, the computed quasi-one-dimensional gain profile should
also be a reasonable average of the actual two-dimensional
results. Similar trends occur for throat heights = 0.3 mm
and 2.0 mm with y variations between 1.33 and 1.40.11

The following conclusion is apparent. In comparison to a
completely sharp throat (Rc = 0), the present results indicate
that gain and maximum available power are reduced on the
order of 0-15% (depending on the particular case) by com-
plete rounding of the throat (on both the subsonic and super-
sonic sides). Whether the manufacturing and alignment ad-
vantages of round throats outweighs this relatively small
reduction in laser performance depends upon the individual
application. However, the purpose of this Note has been to
present data which will be helpful in making such decisions.
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H = heat transfer coefficient
K = thermal conductivity
m = mass
Nu = Nusselt number
Pr = Prandtl number
Q = heat content

Subscripts
d = diameter (characteristic length)
p = propellant
w = tank wall

Introduction

MANY current spacecraft utilize the same tankage for
propellant and pressurant to avoid the complexity of a

separate pressurant tank and, hence, improve reliability; there-
fore, the initial tank pressure decays as propellant is con-
sumed. Since the flowrate to the rocket engine decreases as
the tank pressure decreases, the impulse available at any time
prior to propellant depletion is dependent upon the tank
pressure history. The observed pressure decay has caused
this type of design to be designated the "blowdown type" of
propellant supply system, although none of the pressurant is
expelled from the tank.

It has been shown1 that the rate of heat transfer from a
sphere to the contained fluid could be accurately predicted by
an existing empirical correlation. The same correlation is
applied to the blowdown type of propulsion system design to
predict transient pressure histories and, hence, the total impulse
available at any time.

Discussion

The propellant supply systems shown schematically in Fig. 1
are typical blowdown designs. The propellant leaves the tank
at the instantaneous rate of mp, and heat is transferred to the
pressurant from the pressurant tank wall and propellant
surface at the instantaneous rates, Qw and Qp, respectively.
Since the derivation of the equations describing the controlling
thermodynamic processes is similar to that presented in Ref. 1,
the derivation will not be given. However, a list of the
applicable assumption is in order. They are: 1) the internal
energy of the pressurant is a function of temperature only;
2) the pressurant behaves as a perfect gas (a good assumption
at the relative low pressures of 20 atmospheres encountered in
most designs); 3) specific impulse, flow controlling orifice
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Fig. 1 Blowdown propellant supply system schematics.
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coefficient, and thrust coefficient are constant, since they are
only weakly dependent upon flow rate; 4) since the propellant
tanks operate in a vacuum with aluminized mylar radiation
shielding, their external surfaces are adiabatic; 5) the tank
wall exposed to the propellant is the same temperature as the
propellant; and 6) the propellant has infinite thermal con-
ductivity.

The determination of the heat transfer coefficient, H, is the
key to the development of a general set of equations which can
be used to describe tank pressure history at various propellant
usage rates. Although data on free-convection heat transfer
to a gas in a sphere are unavailable, Reference 2 presents a
relationship derived from the results of "experiments on free-
convection heat transfer from the surface of a sphere to a
fluid filling the interior ... Alcohol, glycol, and water were
used as fluids, and a range of 3 x 108 to 5 x 1011 of the pro-
duct GrdPr was covered." The equation is

Nud = Hd/K = 0.098 (GrdPr)°-345 (1)
Since the Grashof number, Grd, is directly dependent on the
acceleration field, changes in heat transfer resulting from the
altered free-convection fluid flow during variable accelerations
is accounted for in the results. Since the cases under con-
sideration involve relatively high acceleration fields (approxi-
mately one-tenth axial g for the high thrust system and 3
radial g for the low thrust system shown in Table 1), Eq. 1 is
expected to be a valid correlation for these applications. Al-
though an "exact" theory is not available to allow direct
comparison with the empirical correlation of data represented
by Eq. 1, it has been shown to predict actual inflight data with
excellent accuracy (Ref. 1) and there is no reason to expect
that it would not provide equally good predictions in the types
of systems discussed herein.

The analysis is substantially simplified if either the expan-
sion process is isothermal or the heat transfer coefficient, H,
can be assumed constant. References 3 and 4 discuss the
restrictions imposed on the analysis when H is assumed to be
at either of its limits, zero or infinity. The H = 0 case corre-
sponds physically to an adiabatic gas, whereas the H = GO
case requires that the pressurant storage vessel, the propellant,
and the gas be at the same temperature during the entire
expulsion period.

To assess the importance of variations in H on the available
total impulse, four cases (isothermal, H = 0, finite, and infinite)
were computed for two spacecraft configurations. The first
configuration analyzed was a high thrust, high propellant
weight system as described in Table 1. This system is typical
of liquid propellant orbit injection designs. The second con-
figuration studied was a low thrust, low propellant weight

Table 1 Typical blowndown system design parameters

Parameter

Spacecraft mass0, kg
Propellant mass0, kg
Tank pressure0, n/m2

Tank temperature0, °C
Chamber pressure0, n/m2

Thrust0, n
Specific impulse, n-sec/kg
Tank mass, kg
Tank diameter, m
Spacecraft spin speed,

rad/sec
R [Fig. Ib], m
Nominal expulsion time (fn)

sec
Total impulse available,

n-sec

High
thrust
system

453
90.7
2.07 x 106

21.1
6.89 x 105

444
463
3.71
0.636
b

b

743

20.4 x 104

Low
thrust
system

b

22.7
2.07 x 106

21.1
6.89 x 105

22.2
463
1.47
0.401
6.3

0.61
3,550

5.11 x 104

a Initial condition.
b Not applicable.

system with the parameters shown in Table 1. This system
is typical of orbit adjust systems used on communication
satellites. Both systems used nitrogen, hydrazine, and
titanium as pressurant, propellant, and tank material, re-
spectively.

Results and Conclusions
The total impulse data predicted by the equations incor-

porating the various values of H were normalized by dividing
by the total available impulse shown in Table 1 (the expulsion
time was also divided by the "nominal" value shown in
Table 1). When this was done, it was found that the high
and low flowrate curves resulting from the use of Eq. 1 were
coincident, so that one curve in Fig. 2 represents both results.

It was also found that the isothermal and H = oo cases
predict the same propellant expulsion time. This is a result
of having the propellant and pressurant in the same tankage;
i.e., since the weight of propellant is many times that of the
gas, the propellant acts as an infinite heat source for the H = oo
case, and the system temperature drops only a few degrees
below the isothermal temperature at propellant depletion.
Of the two simplifications, the isothermal assumption results
in much simpler equations describing system performance and,
hence, is recommended for systems operating at low expulsion
rates. In actual practice, the propellant is usually withdrawn
during relatively short duration burns rather than in the
continuous expulsion shown in Fig. 2. This fact makes the
isothermal assumption increasingly valid, since the pressurant
has sufficient time to come to thermal equilibrium with the
propellant between expulsion periods.

As seen in Fig. 2, however, at high expulsion rates, the use
of the isothermal assumption rather than the true heat transfer
coefficient from Eq. 1 results in a propellant depletion time
which is approximately 5 % below the true time. The signi-
ficance of an error of this magnitude must be evaluated for
each spacecraft. However, as the expulsion rate increases,
the adiabatic (H = 0) case is approached; hence, from Fig. 2,
for rapid expulsion rates, an error of 19% is possible if the
isothermal assumption is used.

It should be noted that the assumption of constant specific
impulse used herein is only an approximation. Depending
upon the particular thruster design, specific impulse falls as
inlet pressure decays. It follows then that, since total impulse
is directly related to specific impulse, total impulse will be
dependent upon the tank pressure history; i.e., that set of
circumstances which results in the highest average tank
pressure will produce the highest total impulse. Hence, it
may be advantageous to supply pressurant heaters to high
expulsion rate systems to achieve maximum available impulse.
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Fig. 2 Total impulse histories vs propellant expulsion rate.



JUNE 1972 ENGINEERING NOTES 475

References
1 Pasley, G. F., "Optimization of Stored Pressurant Supply for

Liquid Propulsion Systems," Journal of Spacecraft and Rockets,
Vol. 7, No. 12, Dec. 1970, pp. 1478-1480.

2 Eckert, E. R. G. and Drake, Jr., R. M., Heat and Mass Transfer,
2nd ed., McGraw-Hill, New York, 1959, pp. 324-325.

3 "Design Guide for Pressurized Gas Systems," NASA Contract
NAS7-388, March 1966, ITT Research Inst., Chicago, 111.

4Pressurization Systems Design Guide, Vol. I, Rept. 2736,
Dec. 1965. Aerojet-General Corp., Von Karman Center, Azusa,
Calif.

Mixed-Mode Propulsion: Optimum
Burn Profile for Two-Mode Systems

ROBERT SALKELD*
System Development Corporation

Santa Monica, Calif.
AND

ROBERT S. SKULSKY|
McDonnell- Douglas Corporation

Huntington Beach, Calif.

Nomenclature

C = constant, p2(u2 - ul)/(p1 - p2)
m = mass
u = exhaust velocity
u = average u for both modes operating concurrently
V = volume of propellant burned
v = vehicle velocity
p = propellant bulk density
p = average p for both modes operating concurrently

Subscripts

0, 1, 2, /= initial, mode-1, mode-2, final

Introduction

IT has been pointed out1 that combining different propulsion
modes in the same stage promises improved vehicle per-

formance, cost and operating characteristics, and may make a
reusable one-stage-to-orbit machine feasible. Reference 1
assumes a purely sequential burn for the two-mode system.
Under this assumption, the analysis indicates that the higher
density mode should be operated first. The question is left
open, however, whether sequential or some form of overlap-
ping burn profile constitutes the true optimum for maximizing
ideal At;. The purpose of this analysis is to answer that
question.

Analysis

Generalization of the ideal rocket equation

Consider a mixed-mode rocket stage having a given initial
mass ra0, in which the modes can be operated concurrently at
arbitrarily varying flow rates. Thus,

P=P(V) (1)
(2)
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Equation (1) represents the burn profile, and Eq. (2) repre-
sents the specific functional dependency of u upon p.

Since the purpose of this analysis is to present as simply as
possible an initial derivation of the optimum burn profile,
consideration of gravity and drag forces and more sophisti-
cated formulations of the rocket equation2 will not be included
here. For point-mass analysis, conservation of momentum
gives

UpdV = \m0 - JJ p( V)dV dv (3)

Substituting Eqs. (1) and (2) and integrating
rrf p(V)U(p(V))dVAy — I —————=—~ (4)Jo m,Q—\Qp\V)dV

which is a generalized form of the ideal rocket equation where
p and u are no longer constant as in the more familiar classical
single-mode case.

Optimization for the two-mode case
To maximize At; in Eq. (4), it is first necessary to specify the

function «[p(K)]. This is done by writing the expressions for
p and u for the two-mode case,

p = (rhi -}- rh2)l(rhilpi -f- m2/p2) (5)

and solving simultaneously to obtain

Now, if we let

m = m0- p(V}dV
Jo

and substitute Eqs. (7) and (8) in Eq. (4), then
A _ , , dm . _ r / dVAt; x rmf dm „ fyf dV

=(C-wO — + p i C —Jm0 m Jo m
es upon integration of the first te

CVf dV
At7 = (C — «i)10ge(/W///W0) + Pi C\ ——Jo m

and this becomes upon integration of the first term,
' dV

(8)

(9)

(10)

which is the generalized ideal rocket equation for the two-
mode case.

If the optimum burn profile is continuous, then it should be
possible to determine it by applying the calculus of variations
to Eq. (10), which can be written

rVf
At; = constant 4- piCl F(V9 m)dV

Jo
(lOa)

Application of calculus of variations is possible only where all
variables are continuous and possess continuous first and
second derivatives. To define extremals, it is necessary to
satisfy the Euler-Lagrange equation which in this case reduces
to

-0F/0/H=0 (11)

Substituting Eq. (lOa) in Eq. (11) and differentiating,
-p1C/m2=0 (12)

which requires w2^oo. This is a contradiction which im-
plies that there exists no continuous solution within the
limits pi and p2- Thus, if an optimum solution exists (and
Ref. 1 proves that it can), then that solution must involve a
discontinuous burn profile.

Applying a more general approach to maximize At; in Eq.
(10), m in the second term of Eq. (10) must be taken as small
as possible and still satisfy the boundary conditions of m0
and mf. As shown in Fig. 1, the m history must lie between
the limits of the straight line curves whose slopes are — p±
and — p2. Regardless of what mf value is selected it becomes
apparent that the smallest m history can be attained only by
burning first the higher density (p±) mode and then switching
to the lower density (p2) burn only when the lower density
slope (-/>2) will lead to mf. This is true regardless of the
value of mf so long as mf lies between the above bounds, as it
must.


